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QUASITRIANGULAR 4+ SMALL COMPACT
= STRONGLY IRREDUCIBLE

YOU QING JI

ABSTRACT. Let T be a bounded linear operator acting on a separable infinite
dimensional Hilbert space. Let € be a positive number. In this article, we
prove that the perturbation of T' by a compact operator K with | K| < € can
be strongly irreducible if T is a quasitriangular operator with the spectrum
o(T) connected. The Main Theorem of this article nearly answers the question
below posed by D. A. Herrero.

Suppose that T is a bounded linear operator acting on a separable infinite
dimensional Hilbert space with o(T") connected. Let € > 0 be given. Is there
a compact operator K with ||K|| < e such that T + K is strongly irreducible?

1. INTRODUCTION

Let Hi, Ha, H be separable Hilbert spaces. Denote by B(H1,Hz) the set of all
bounded linear operators mapping H; into Hsz. Denote by K(Hi,Hsz) the subset
of B(H1,Hz) of all compact operators. We simply write B(H) and K(H) instead
of B(H,H) and K(H, H) respectively. For T € B(Hi, Hz), denote the kernel of
T and the range of T' by KerT and RanT respectively. If Hy is a subspace of
H (closed), we shall write Ho < H. Let T € B(H); we shall denote by o(T),
op(T), oi(T), or(T), 0e(T), 01(T), o1re(T) and o, (T) the spectrum, the point
spectrum, the left spectrum, the right spectrum, the essential spectrum, the left

essential spectrum, the Wolf spectrum and the Weyl spectrum of T respectively.

Denote by 0o(T) the set of all isolated points of o(T')\oe(T). For A € ps_p(T) (dZCf

C\o1re(T)), ind(T — ) = dimKer(T — X) — dim Ker(T — A\)* and min ind(T — \) =
min{dimKer(T — \),dim Ker(T — \)*}. For —oco < n < +o0, p(sn_)F(T) ={\ ¢
ps—p(T) :ind(T — A) = n}. T is said to be quasitriangular if there is a sequence
{P,}n>1 of finite rank projections increasing to the unit operator I with respect to
the strong operator topology such that lim,, o |[(I—P,)TP,|| = 0. It is well-known
that T is quasitriangular if and only if ind(T'—X) > 0 for all A € pg_p(T). T is said
to be strongly irreducible if there are no nontrivial idempotents commuting with 7.
A Cowen-Douglas operator is an operator T' satisfying the following conditions:

(i) There is a nonempty connected open subset Q of p(sn_) #(T) for a natural
number n.

(ii) T — A is surjective for each A € 2.

(iii) V{Ker(T — \) : A € Q} is equal to the acting space of T'.
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If the conditions above are satisfied, we shall write T' € B,(Q2). If T € B,(Q),
then \/{Ker(T — \)* : k > 1} is equal to the acting space of T for each X in €.

Let o be a compact subset of the complex field C. A clopen oy of o is a subset
of o such that there are two disjoint open subsets {21, (22 of C such that 21 D oy
and Q9 D (0\op).If o is a clopen of o(T'), then there is an analytic Cauchy domain
Q such that o(T) N Q = o and such that o(T) NN = @, where 0N is the boundary
of Q. Thus E(0,T) = 5= [,(A — T)~*dA is an idempotent commuting with 7.
We call E(0,T) the Riesz idempotent of T' corresponding to o. Write H(o,T) =
RanE(0,T). It follows from the classical Riesz decomposition theorem that 7' is
not strongly irreducible if o(T) is not connected. But the converse is not true.
However, D. A. Herrero and C. L. Jiang obtained the approximate inverse of the
Riesz decomposition theorem (see [3] or [6]):

Theorem HJ. The closure of the class of all strongly irreducible operators is the
class of all those operators which have connected spectrum.

And then, D.A. Herrero posed the following question.

Question H. Let T be an operator with o(T') connected. Given € > 0, can we find
a compact operator K with || K| < € such that T + K is strongly irreducible?

C.L. Jiang, S.H. Sun and Z.Y. Wang (see [10]) proved that if T is essentially
normal and if o(7T') is connected, then one can find a compact K such that T + K
is strongly irreducible. (But || K || may be bigger than e.) Y.Q. Ji, C.L. Jiang and
Z.Y. Wang (see [8], [9]) proved that if T" is an essentially normal quasitriangular
operator with o(T) and o, (7T) connected, then there exists a compact operator
K with ||K|| < e such that T+ K is strongly irreducible. They (see [7]) also
proved that if 7" is a Cowen-Douglas operator having unique (SI)-decomposition,
then there exists a compact operator K with || K| < e such that T + K is strongly
irreducible. C.L. Jiang, S. Power, and Z.Y. Wang (see [11]) proved that if T is
a biquasitriangular operator with o(7") connected, then there exists a compact
operator K with ||K|| < e such that T + K is strongly irreducible.

The main result of this article is the theorem below.

Main Theorem. Let T € B(H) be a quasitriangular operator with o(T) connected
and let € > 0 be given. Then there exists a compact operator K with || K|| < € such
that T + K is strongly irreducible.

2. PREPARATION
In order to prove the Main Theorem, we need to prepare some lemmas.

Lemma 2.1. Let T € B(H) be an operator with RanT nonclosed. Then there is
an infinite dimensional subspace Hy (closed) of H such that Ho N RanT = {0}.

Proof. We know that RanT = Ran(TT*)"/2. Without loss of generality, assume
that T is positive and that RanT is dense in H. Let E(x) be the spectral measure
of T. Tt is easy to see that E((0,t]) # 0 for all ¢ > 0 and that E((0,||T]|]) =
I. Choose a sequence {ty}r>0 of positive numbers decreasing to zero such that
to = ||T| and such that E((tg,tx—1]) # 0 for all k& > 1. Write Ey = E((tk, tk—1])-
Let H,, = \/{RanE;_1)on-1 : k > 1}. Then {H,}n>1 is a pairwise orthogonal

family of subspaces and H = & H,. Let P, be the projection onto H,, i.e.
n>1
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P, = Y E@gg—1)2n—1. It follows that P, T = TP,. It is not difficult to show that
E>1

0 € 0(P,T|n,). Hence we can take x,, € H,\Ran(P,T |5, ) for each n > 1. Let

Ho = V{zn,n > 1}. Then dimHy = 400 and Ho N RanT = {0}. In fact, if

Ty=1x= > apty, then apz, = P,x = P,Ty = P,TP,y. So a, = 0. And then

n>1

z=0. (|

Remark. If there is an infinite dimensional linear submanifold X of H such that X
NRanT = {0}, then it follows from Lemma 2.1 that there is an infinite dimensional
subspace Hy of H such that Ho NRanT = {0}.

Lemma 2.2. Let A € B(H1,H), B € B(Ha,H). Suppose that RanB C RanA
and suppose that X is an infinite dimensional linear submainfold of H such that
X NRanA = {0}. Given € > 0, then there exists a compact operator K € K(Ha, H)
with || K|| < € such that RanANRan(B+K) = {0} and such that Ker(B+K) = {0}.

Proof. By the remark above, find Hy < H such that Hy N RanA = {0} and
dim Ho = oo. Take an injective K € K(Hz,H) mapping Hs into Ho and with
IK|| < e Ifu= Axr = (B+ K)y = By + Ky, it follows by RanB C RanA
that Ky € RanANHy = {0}. So Ky = 0. Since K is injective, y = 0. Hence
RanA NRan(B + K) = {0}. Similarly, Ker(B + K) = {0}. O

Lemma 2.3 ([7]). Let T € B(H). Suppose that dimKerT =1 dimKerT =1 and
suppose that \/nZl KerT™ ="H. Then T is strongly irreducible.

Lemma 2.4. Set

T Ti2| Ha
T_{ TJHz

where the entry omitted is 0. Suppose that

(i) dimKerTy = 1, \/ KerT}' = H;,

n>1
(ii) \/ KTy = Hs,
n>1

(iii) KerTio N KerTy = {0},

(iv) RanTi N Ran(T12 | KEI‘Tz) = {O} (Ran(T12 | KerTg) = le(KerTg),)
Then T s strongly irreducible.

Proof. Suppose T(z ® y) = 0, where © € Hi,y € Ho. Computation shows that
Toy = 0 and Thx + Tioy = 0. By (iv), Thx = 0, i.e. € KerTy, and Tioy = 0.
It follows from (iii) that y = 0. So KerT' = KerT;. It is easy to show that
V,,>1 KerT™ = H;. Suppose that P is an idempotent commuting with 7. Then
PT" =T"P forn > 1. So P(KerT™) C KerT™ for all n > 1. Thus H; € Lat P.
Set
P Pia| Hy
P= [ Pz] Ho

Then Pf = P, and P, T; = T;P;, i = 1,2. By Lemma 2.3 and the condition (i), P, =
I|3, or 0. Assume P; = 0 (otherwise, consider I — P). Computing the (1,2)-entry
shows that PioTy = ThPio + T12Ps. Let y € KerTy. It follows that Py € KerTs,
and so PyTy = T Py. So T1 Pioy = —T12Poy € RanTi N RaD(T12 |Kch2)- By the
condition (iv), Py = 0. Hence Po(KerTy) = {0}. If x € KerT3, then Taz € KerTh.
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This shows that TPz = PyTox = 0, Pox € KerTy. Thus Pox = Py(Paz) = 0. So
Py(KerT3) = {0}. Inductively, P;(KerT4) = {0} for all n > 1. By the condition
(i), P, = 0. So P = P? =0, and T is strongly irreducible. O

Lemma 2.5. Suppose that T € B(H) and that T satisfies the following conditions:

(i) 0 € 9o (T) (the boundary of o(T)),

(i1) Ker T C () RanT™,

n>1
(i11) \/ KerT™ =H.
n>1

Let € > 0 be given. Then there exists a compact operator K with || K| < € such that
T + K is strongly irreducible.

Proof. By Lemma 2.3, we only need to show this lemma in the case that dimKerT >
1. Choose zg € KerT\{0}. Let No = KerT © Czy. By the condition (ii), we can
take z; € N& such that Tz = x5 for each k > 1. Let H; = \{xr : 1 <k <
+00}. Then H; € Lat T and N, C Hi. Set

" T:[Tl TM] Hy

Ty | Ho = Hi

It is easy to see that the following hold.

(1) dimKerTy =1, \/ KerT]" = H; and RanT! = H;.

n>1

(2) 0 € 9o(T1) (this follows from 0 € do(T)).

(3) V KerTy = Ha (It follows from that (| RanZ;" C (| RanT*" = {0}).
1
)

n>1 n>1 n>
(
(

Noo C KerT, and Tlg(f\/oo) = {O}
) Ker(T12|Kch2@NDO) = {0} and RanTi N Tlg(KeI‘TQ @Noo) = {0}

Let A be an operator mapping (H; © KerT}) @ (KerTy © Ny) into H;y such
that A(z @ y) = Thx + Ti2y. By (5) above, KerA = {0}. Since 0 € do(T3) and
RanT! = H1, A|lx,oKerry 18 unbounded from below. So RanA is nonclosed. By
Lemma 2.2, we can take a B € K(Nu,H1) with |B|| < € and KerB = {0} such
that RanB N RanA = {0}. Define

K — {Bx, z € Ny,

3
4
5

0, xeNZ.
Then K € K(H) and ||K|| < e. It is easy to see that
| C|H,
@ rex= [t S
satisfies KerC NKerT, = {0} and RanTy; NC'(KerTz) = {0}. By Lemma 2.4, T+ K
is strongly irreducible. O

Lemma 2.6. Let T be an operator acting on H satisfying the following conditions:
(1) 0 € 9o (T) and \/ KerT™ ="H.
n>1
(i) KerT'N ( () RanT™) is closed and dimKerT & (KerT N ( (] RanT)) < cc.
n>1 n>1
Let € > 0 be given. Then there exists a K € K(H) with |K|| < € such that T + K

is strongly irreducible.

Proof. Write Nw = KerT N ( (| RanT™). Denote KerT © N = Ny. By the
n>1

condition (ii), dimAy < +oo. For k > 1, we can inductively define N} = {z :
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Tz € Np—1,¢ L No}. Since dimNy < +oo, Ny N RanT™ = {0} for some ng. So
N, = Np when ng < k < 4o00. Thus \/{Nj : k < +00} = N,,,. Denote it by H;.

Then H; € Lat T and dim?-(l(d:ef m) < +o0. Set
7|1 T Hi
T2 H2 = Hf‘

It is not difficult to show that
(1) KerTo = Ny C () RanT}.

n>1
(2) V KerTy = H,.
n>1
(3) T/ = 0.

Choose C € K(H1) with ||C|| < § (T1+C)™~! # 0 and such that (T3 +C)™ = 0.
Take unit vectors f € H; © Ran(T} + C) and e € M. Set

¢ sfeed M
Kl_{ 0 ]Hz

where (f ® e)z = (z,e)f. Then K1 € K(H) and ||K1|| < 3¢, It is not difficult to
show that Ker(T+ K;) = Ker(T1 + C) ® (N ©Ce) C (] Ran(T + K;1)™. It is clear
n>1

that 0 € do(T + K;). By Lemma 2.5, one can find a Ky € K(H) with || K| < g
such that T'+ K; + K> is strongly irreducible. Let K = K7 + Ky € K(H). Then
IK|| < e. |

Let T' € K(H) have the following form:

0 Ay «x * e KerT
0 Ay % ---| KerT? © KerT
(3) T — 0 Az ---| KerT? © KerT?

0 KerT?* & KerT?

It is easy to see that KerA; = {0} and KerT N RanT® = Ran(A;As--- A;) for
all ¢ > 1. Thus Ker7 N ( () RanT™) = () Ran(A;142---4;). It follows that
n>1 n>1
KerT' N ( () RanT™) is closed when RanA,, is closed for each n > 1.
n>1

Lemma 2.7. Let T be as above. Suppose that ng is a natural number and suppose
that M is an infinite dimensional subspace of KerT™ © KerT™ ! such that M N
RanA,, = {0}. Let € > 0 be given. Then there exists a compact operator K with
IK|| < € such that T + K is strongly irreducible.

Proof. Without loss of generality, assume that ng > 1 and that A; has closed range
with finite codimension for each i < ng. Let T1 = T|kerrno-1, 1-€.

0 Al s * * KerT
0 . o N KerT? & KerT

0 A, _,|KerT™™2 5 KerTmo=3
0 | KerT™~1 & KerT™o—2
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o0
Since Ran A, is closed for each ¢ < ng, T is similar to € J;, where J; is a Jordon
=1

block for each j. So we can find C; € K(KerT™~!) with ||Cy| < § such that

dimKer(T} +C;) =1 and \/ Ker(T} + C;)" = KerT™ 1. It is clear that

n>1
Ran(T1 + Ol) 7é Ran(T1 + Cl) = KerT™ 1.
Let P be the projection onto (KerT"0~1)+. Write Ty = PT|ranp. Then

0 A, * ] M = KerT™ © KerT"o—1
0 Apr1 | No=KerTm+! o KerT™

T = 0 N3 = KerT™0+2 o KerTmo+!

Decompose N7 as M & (N; & M). Then

0 B * | MeM
T, = 0 Apgpr | Mo

0 N3

where [gi] = A,,. For each 0 # z € Na, A,,x = Box + Bz ¢ M. So Bix # 0.
Set

0 B * ] e M
0 An0+1 j\/2

T = 0 N3

Then KerTs = N1 © M, and T can be written as

Ty Tio * Hy = KerTm™—1
(@) T 0 Ths| M
T35 Ho=Ho(Hi1dM)

where Tos|ker, = 0. Take Cy € K(M) with ||Cy|| < § such that dimKerCs = 1 and
such that \/ KerCy = M. By Lemma 2.2, choose C3 € K(Hz, M) with [|Cs]] < §

n>1
such that RanC3 NRanCy = {0} and such that KerCs = Hy © KerT5. Take a rank
one operator Cy € K(M,Hy) with ||Cy]| < {5 such that KerCy = M © KerCs,
Ker(T12 + Cy) NKerCy = {0} and (T2 + C4)(KerCs) NRan(T1 + Cp) = {0}. Set

Ci Cy 0| Hy

K= Cy, Cs3| M
0 Ho
Then K € K(H) and ||K|| < ¢, and so
T1+Chv Tia+Cy * Hi
(5) T+ K= Csy Tos + Cg M
T; Ho

Similarly to the proof of Lemma 2.4, one can with no difficulty verify that 7'+ K
is strongly irreducible. O
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Lemma 2.8. Suppose that T has the form (3) and that the following conditions
are satisfied:

(i) RanA4; = RanA; and dimKerA} < 400 for each i.

(i1) dimKerT' N (] ( RanT™) = +o0.

n>1
(i11) dimKerT © (KerT N ( () RanT™)) = +o0.
n>1

Let € > 0 be given. Then there exists a compact operator K with || K|| < € such that
T + K is strongly irreducible.

Proof. Write Noo = KerT'N ( () RanT™) and Ny = KerT © N For 1 < k < +o0,
n>1

inductively define N, = {x : T2z € Ny—1,2 L N}, and set V{N; : 0 < k <

+o00} = Hi. By (i) and (iii), there is an infinite dimensional linear submanifold X

of H; such that X N RanT = {0}. It is clear that H; € LatT. Set

T_ Ty Tiz| Hy
Ty | Hi

It is easy to see that
(1) KerT} = Ny and \/ KerT]" = Hy,

n>1

(2) Now C KerTy and \/ KerTh = Hi.

n>1
Write M = A]'(Ny). Since RanA; is closed and Kerd; = {0}, we can find a
positive number r such that r ||z[| < [[Aiz|| for z € M. Write £ = Py M, where

PH% is the projection onto Hi-. Suppose x = 11 ® 29 € M, 21 € Hy, 72 € L.

[Toxa| | Ara r
[ Prgp 2l = lle2f = = > |-
T (T2l T2l — (172
So L is closed. Moreover, T1oy € RanTy for all y € L. Write Hs = Hf‘@ Ns. Set
|0 To3| N
- R
It is easy to see that KerT3 = £ @ (KerTz © N) and that \/ KerTd = Ha. If

n>1
0 # y € KerT36 L, then Ty2y ¢ RanTy. Notice that XN(RanT) +T12(KerT36 L)) C
X NRanT = {0} and that

Ty 0 Tiolw,] M 0 0 T | N
(6) T = 0 Tos | Ne = Ty Tiolw,| Ha
Ts | Hs T | He

Similarly to the proof of Lemma 2.5, by Lemma 2.2 there is a C' € K(Hz, H1) with
|IC|| < § such that KerC' = Hs © £ and RanC' N (RanTy + T12(KerT3 © £)) = {0}.
Write B = C' + Ti2|y,. Then RanTi N B(KerTs) = {0}. Take Ty € K(Nx) with
| To|| < § such that dimKerTy = 1 and such that \/ KerTj" = N. Since dimNy, =

n>1
+00, RanTy # RanTy = No. By Lemma 2.2, we can find a D € K(H;1, Ny ) with
| D]l < § such that RanD N RanTy = {0} and KerD = H; © KerT;. Set

To D 0] N
K= 0 C| Hi
0| Ho
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Then K € K (H), | K| < € and

TO D * Noo
(7) T+K= . B| H.
Ts| Ho

Similarly to the proof of Lemma 2.4, one can show that T+ K is strongly irreducible.
|

By the equivalence of (str-v)_,, and (str-vi)_,, of Theorem 1.2 in [4], we have
the following lemma.

Lemma 2.9 ([4]). Let m be a natural number and let T € B(H) be a quasitri-
angular operator with o(T) and oy (T) connected. Let € > 0 and A\ € o.(T) U

(U p(SkEF(T)) be given. Then there exist a K € K(H) with | K|| < € and a se-
k>m

qu_ence {P.}n>0 of finite rank projections increasing to I with respect to the strong
operator topology with rankP,, = mn such that (I — P,)(T — A+ K)P, =0 for all
n >0, ie.

0 * * x* RanP,
0 * = Ran(P; — Pp)
T+K—-\= U Ran(P; — P)
0

Ran(P4 — P3)

Theorem 2.1. Let T € B(H) be a quasitriangular operator with o(T) and o, (T)
connected. Lete > 0 be given. Then there exists a compact operator K with | K|| < €
such that T + K s strongly irreducible.

Proof. Without loss of generality, assume that 0 € 9o(T). By Lemma 2.9, find
K, € K(H) with ||K; [|< § and a sequence {P,gl)}nzo of finite rank projections
increasing to I with respect to the strong operator topology so that

0 * % .- RanPl(l)
0 % --- Ran(P(l) _ P(l))
T+K = 0 1 \

Ran(PY — P{Y)

It is obvious that o, ((T + K1)*) C {0}. While 0 € 04,.(T),
o(T+ K1) = 0u(T + K1) = 0(T).

Write P = P and Ay = RanP{". Let Ty = (I — P\)(T + K1)|gan(r—py)- It
is not difficult to show that o(Th) = 0w (Th) = 0w(T), 0ire(T1) = ope(T) and
ind(Th — A) = ind(T — ) for all A € ps_p(Th1). Applying Lemma 2.9 to 17,

one can find a compact operator K? € K(H) with |[K®|| < £ and a sequence

{P,EQ)}nZO of finite rank projections increasing to I|gan(7—p,) With respect to the



QUASITRIANGULAR + SMALL COMPACT = STRONGLY IRREDUCIBLE 4665

strong operator topology such that rankPl(Q) = 2rankP; and

0 « % .. RanP”
@ 0 | Ran(B?—P?)
T+ K\ = 0 .

Since rankPél) < +00, there is a natural number n; such that ||(I — PZ)P2(1)H <1,

where P, is the projection onto RanP; & RanPg). Write Ny = RanPl(2) and

Nj = Ran(P{®) — P?)) for 2 < j < ny + 1. Set

Ko — 0 RanP1
27 K®| Ran(I — Py)

Then K3 € K(H) and || Kz|| < &. Let Ty = (I—Po)(T+ K1+ K2)|Ran(r—p,)- One can
show that o(T32) = 04 (T2) = 0w (T), Oire(T2) = 01re(T) and ind(To—A) = ind(T—\)
for all A € ps_p(T2).

Repeatedly using the process above, we can inductively choose a sequence {n; };>1
of natural numbers, a sequence { N }1>1 of pairwise orthogonal finite dimensional
subspaces, an increasing sequence {Py} of finite rank projections and a sequence
{K,}n>1 of compact operators such that

(i) dimN;, < dime+1 < 400 (k > 1),

k—1
11) RanP, = @{./\/'J 1< 1+ E le} (k > 1),
=1

(
(iii) dimN -1 = 2% rankPy (k > 1),

(iv) |(I = P)PV| < L forn>1, and hence @ N =H.
o I<k<too
(V) |Ku| < 357, hence Ky = Y. K, € K(H) and | K| < &,
1<k<+oo
(vi)
0 Bl * * e Nl
0 By * | Ny
T+K, = 0 Bz --+| N

0 Ny

Since dimNj, < dim Ny11 < 400, we can choose Cy, € K(Nj11,Ng) with |Ck|| <
—<= so that By + C} is surjective. Set

k+3
0 Ol Nl
0 CQ N2

Then C € K(H) and [|C]| < &. Write K3 = K1 + C. It is easy to see that
dim(Ker(T + K2) N (] Ran(T + Ky)")) = +o0

n>1
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and that \/ Ker(T + K2)" = H. Set T + K in the form (3):

n>1
0 A x - Ker(T + K»)
o 0 A Ker(T + K2)? © Ker(T + Ka)
T+K2 - 0 Ker(T+F2)3@Ker(T+F2)2

Consider each 4;. By Lemmas 2.6-2.8, we can find K3 € K(H) with ||K3 [|< £
such that T + Ko + K3 is strongly irreducible. Let K = Ko + K3 € K(H). Then
|IK|| < e. This completes the proof of Theorem 2.1. |

Remark. In fact, Theorem 2.1 can be strengthened to the theorem below, and this
will be useful in answering Question H.

Theorem 2.1'. Let T be a quasitriangular operator with o(T) and 0., (T) con-
nected. Given € > 0, then there exists a compact operator K with | K| < € such
that

(i) T + K is strongly irreducible,

(i1) 7, (T + K)*) = 0,

(iii) Kertp vy = {0} if 0,(B) = 0, where 75,74k is the Rosenblum operator.

Proof. Look back to the proof of Theorem 2.1. It is easy to see that T + Ko has
dense range. We know that if A = {a;;}i; is a triangular operator with respect to
a suitable orthonormal basis, then o,(A*) C {@; : i}. Now we recall the proof of
Lemmas 2.5-2.8.

(a) Look back to the formula (1) in the proof of Lemma 2.5. If RanT is dense
in H, then 0,(T5) = 0,(T5) = 0. To see (2), note that o,((T + K)*) = 0. Look
back to the proof of Lemma 2.6. If RanT is dense in H, then Ran(T + K1) is dense.
Thus o, (T + K)*) = 0.

(b) Now look at (4), in the proof of Lemma 2.7. If RanT = H, then RanT5 =
Ho and 0,(T5) = 0. In (5), it is clear that o,((Th + C1)*) = 0,(C5) = 0. So
op((T+ K)*) = 0.

(c) Look back to (6) in the proof of Lemma 2.8. Write W = Tj9P; and V =
T19Pr,00.- Then T12|H2 =W 4+ V. Look at (7) Set

[T Bl
S_[ T3]H2

If RanT = H, then RanT3 = Hs. So 0,(Ty) = 0. If S*(x ®y) = 0, where z € H;
and y € Hag, then TYx = 0 and B*z + T3y = 0. Notice that B = C+W + V. Since
RanW C RanTi, W*x = 0. Since RanC™* C £ and RanV* C H, O L, it follows that
C*x =0. Hence V*x +T5y =0, ie. T*(x ®y) = 0. While RanT =H, s @y = 0.
Thus 0,(5*) = 0. It is clear that 0,(Ig) = 0. So 0,((T'+ K)*) = 0.

Summarily, in the proof of Theorem 2.1, because Ran(T + K3) is dense in H,
not only is T+ K strongly irreducible, but also o, ((T + K)*) = (.

Now we are going to prove (iii). Without loss of generality, assume that T+ K (
A) can be written as

def
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where \/ KerT!* = H;, i = 1,2,3. Suppose BX — XA = 0. Write X =

n>1
(X1, X2, X3) where X; = X|p,. Thus BX; — X171 = 0 and hence B"X; = X; T}
foralln > 1. Ify € KerTy, then B" X1y = 0. By 0,(B) =0, X1y = 0. So X; =0.
Similarly, Xo =0 and X3 =0, i.e. X =0. O

By the upper semi-continuity of the spectrum, the continuity of index and The-
orem 2.2 of [1] or Theorem 3.49 of [3], we have the following lemma.

Lemma 2.10 ([1], [3]). Suppose @ # I C 01.(T) and € > 0. Then there exists a

compact operator K with || K|| < e such that

_ N * Hl

TyK-= [ T] o

where N is a diagonal normal operator of uniform mﬁnjte multiplicity, o(N) =

oire(N) =T, o(T) = o(T), 01re(T) = 013e(T), and ind(T — X) = ind(T — A) for
all A € pS_F(T).

Lemma 2.11 ([2], [3]). Let A, B be two operators and let T4 g be the Rosenblum
operator. Then the followings are equivalent:

(i) or-(A) Noy(B) = 0.

(ii) Ta B is surjective.

(i11) Ranta p contains all compact operators.

By Corollary 2.4 of [4], it is not difficult to prove the following lemma.

Lemma 2.12 ([4], [5]). Suppose that T € B(H) is quasitriangular and that o(T) =
ow(T). Let T = { A }n>1 C o(T) satisfying the following conditions:
(1) Card{n : A\, = \;} = 400 for all j > 1.
(i1) FEach clopen of o(T) intersects with T.
Let € > 0 e open. Then there exists a compact operator K with || K| < € such that
V{Ker(T+ K —-X\)*:n>1,k>1}=H, T Co,(T+ K) and 0,((T + K)*) = 0.
Moreover, if o(T) and o, (T) are connected, and zfp(sn_)F(T) contains a nonempty
connected open subset ), then K can be chosen so that T + K € B,(Q).

Lemma 2.13 ([11]). Let T € B(H). Suppose oo(T) = O and € > 0. Then there
exists a compact operator K with ||K|| < € such that

(1) o(T + K) = o(T),
0, Ae PjSE—F(T)v

i) min nd(T + K — A) =
(i¢) min ind( =01 2 e )@ ) o).

Lemma 2.14. Let T € B(H). Suppose that o(T) N ps—p(T) = pg_p(T). Let

{Q;}; be the connected components of p(Sle(T). Suppose that | JQ; intersects with
J

arbitary clopen of o(T). Let € > 0 be given. Then there exists a K € K(H) with

|K|| < € such that
(i) ViKer(T + K = X) : A e U} =H and 0,,((T + K)*) = 0.
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(1)) T + K has the form

B, My

xx  Bo M

T+ K= xx  *x Bg Ms
$ok Boo | Moo

where each Bj (j < 00) is a Cowen-Douglas operator with index 1, o(B;)No(B;) =
0 (i#j,4,5 < +o0) and \[{M, : k < j < 400} is invariant under the commutant
of T+ K (1 <k < +400).

Proof. Let o; be the maximal connected closed subset of o(T") containing Q; for
each j. Without loss of generality, assume that o; N o; = () when i # j. Let ®; be
the interior of the closure of ;. Take a; € €1;. Let u; be the probability measure
supported by d®; such that [ ¢(z)du;(z) = (o ) for those functions analytic in
a neighbourhood of Ej. Let Mj; be the operator of multiplication by z on L? ().
Let H?(u;) be the span of all rational functions with poles outside ®;. Set

=[]

It is easy to show that
(1) M; is normal and o(M;) = o1 (M;) = 09,

(2) U(Mj_) = q)j and Mj_ € Bl(q)j)

Applying Lemma 2.10 to 7™, one can take K; € K(H) with || K[| < § such that
T
BT+ K=

)

EB*NJ
4) o(T1) = o(T), al:e(Tl) = 01re(T) and ind(T"— A) =1 for A € UQ;.

)
J
(5) Nj is diagonal normal and o(N;) = ore(N;) = 0®; for each j.
Since Nj, M; are normal and o(N;) = 0pe(N;) = ope(M;) = o(M;), there
exists a compact operator K; with | K| < 5% such that N; + K; = M;, where
= is the unitary equivalence relation.Thus there is a K> € K(H) with ||| < §

such that

Tl *
J
T * *
@M}
= J
D M;
J
def I T
= G?Mj

By Theorem 3.48 of [3], choose K3 € K(H) with || K3|| < § such that

T +C4 *
©M;
J

3
T+Y K;=
j=1
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and o(T>+C1) = 0,(T2+C1) = o(T)\ UQ;. Notice that each clopen o of o(T5+Ch)
J
intersects with the closure of | J2;. There is a subset {A\z}r>1 C |JQ; such that
J J

(6) sup dist(\, o(Ts + C1)) < 16—6 and lim dist(A, o(T: + C1)) = 0.
k

(7) Each clopen of ¢(T> + C1) contains limit points of {Ag}r>1.
Let I' = {pr}r>1 be a dense subset of all limit points of {A\x}r>1. By Lemma
2.12, find K4 € K(H) with [[K4|| < {5 such that

4 T+ Cq + Cy *
T+ K= © M;
j=1 J
where
U1 * *
V2 *
Th+Ci+Cy = vs

with respect to a suitable orthonormal basis, where v; € I', and Card{n : v, = u;}
= +oo for all j > 1. Choose Ay, such that [Ay, —vj| < 555 and Ap; & {Ak, }icy-
Perturb v; by Ay, —vj. Then one can find K5 € K(H) with || K5|| < 55 such that

3
5 o+ > C *
T+Y K;= = B
j=1 @Mj
J

3 3
where oo(T2 4 Y- Cy) = { M, }i>1, VKer(Th + 35 C; — Ag;) is equal to the acting
i=1 j

=1

3 3 _ 3
space of Ty + > Cj, and rankE(\,, To + > C;) = 1. Write T = T + 3 C;.

i=1 i=1 i=1
Without loss of generality, assume that Ay, = A; and that

5 T * 1
Z M
Jj=1 J

5 _ 5
Notice that o, (T + > K;)*) C {\; : § > 1}. If 0,((T + > K;)*) is nonempty,
i=1 i=1
denote it by {a@; : j}. Write Hy = \/{Ker(T — a;) : j}, Ho = M+ © H;. Then
5
T + > Kj can be written as

j=1
5 Ay 13112 ﬁw H,

T+ K;= 2 23| Hy

j=1 @MJ‘ M

Notice that [JRan(A; — ax) # My and that JRan(@ M, — ax)* # M. Choose
k k J

unit vectors e € Hi\[JRan(41 —ax) and f € M\ JRan(P M; — ax)*. Define
k k J
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6
Ker = g7 (x, f)e, where (z, f) is the scalar product of 2 and f. Let K = Zl K; e
j=
K(H). Then |[K|| < e. It is an exercise to show that o,((T + K)*) = () and that
Vi{Ker(T + K = A): A e UQ;} =H. Let N = V{Ker(T+ K — \) : A e U Q;}

J iz
and Mo = (| Nj. Write M; = N; & N4 for 1 < j < 400. Then

j<oo
B M,y
xx By M
T+K=||* = Bs Ms
K% Bso | Moo

It is clear that B; € Bi(£;) for j < oo and that o(B;) C 0;. Furthermore, if X
commutes with T+ K, then X has the form

X4 My

kok X2 M2

X — sk * X3 M3
Kok Xoo | Moo

3. PROOF OF MAIN THEOREM

By Theorem 2.1 and Lemma 2.13, assume that o,,(T") is nonconnected and

0, \ept (),
min ind(T — \) = Ps—r )(0)
1, Aeo(T)n o (1),
Suppose {€;}, are the connected components of o(T) N ngl (). Let H; =
V{Ker(T — N)*: A€ JQ;}. Then T can be written as
J

T = T =] Hf
T2 H[
By Lemma 2.10, choose a K1 € K(H;) with || K1]| < & such that

*

TQ + ?1 = |:N —:| HO

T3] Hi ©Ho

where N is a diagonal normal operator of uniform infinite multiplicity, o(N) =
Ulre(N) = O'lre(Tg), 0'(T3) = U(Tg), O'lre(Tg) = O'[Te(TQ) and ind(T3 — )\)

ind(Ts — \) = —1 for A € ;. Write Hy = Hj* & Ho. Set
J

€L
e )

H;
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Then K is compact and [|K1]| < §. Look at T+ Kj:

T1 * * HZL
T+ K; = N x| Ho
T3 Hl S} HO

It is clear that o (T1) = 0, (T1) = o(T), ind(T1—A) > 0 for A € ps—r(T1)No(T7) and
ind(Th — A) =1 for A € ;. By Lemma 2.12, take Ko € K(H1) with [[Ka| < §
J

def [T x| Hy
N Ts| Hi©Ho

such that A = Ty + Ko € Bi(Qy). Hence A is str_ongly irreducible. Notice that
Hi = V{Ker(T—X)* : A € UQ,}. Each clopen of o(T'2) intersects with some Q;. So
J

each clopen of o(T’3) contains some Q;. Notice that o(T5)Nps—p(Ty) = p&_p(T5)
and ind(T5 — \)* =1 for A € JQ;. Applying Lemma 2.14 to T, find a compact
J

operator K3 with ||[K3| < 5 such that o,(Ts + K3) = 0 and T3 + K3 can be
written as

Bl * * ... Ml

B2 * . M2

T3+ K= Bs | Ms
By | Moo

where each B} (j < +o00) is a Cowen-Douglas operator with index 1, o(B;) N
k

o(Bj) = 0 when i # j,i,j < +o0, and @M is invariant under the commutant of
i=1

Ts+ K5 for each 1 < k < 400. Set

R, M,
Kz = r KJ HioH, 0D

Then ||K2|| < § and

A * Ha
T+K1+K2_{ T3+KJ Hi1 ©Ho
[[A A A A - I
By Bz Biz - M,
By By - Ve
Boo| Moo

Because o(B;) N o(B;) = 0 for i # j and oye(A) N 01e(Bj) = o1re(Bj) # 0
for all j < 400, by Lemma 2.11, we can inductively find C; € K(M;, H1) with
|C; ||< /2774 such that A1 + C1 ¢ Ranta p, and

A1 jr1+Cjha
Bi 41
,j ¢ Ranta

i»Bi+1

Bj j+1
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where
A All +Ol Al_’j +Cj H,
B, Bi; | M
A= . . .
B, M,

Write Dj = Ay j 4+ Cj. Define Kzz = > C;Pup,x, where Py, is the projection
j<+oo

onto M for each j < 400. Then K = K; + Ky + K3 is compact and || K| < e.

Moreover,

A Dy Dy - H;

By Bip - My

T+K= By * 1 My
B | Mso

Now we are going to prove that T + K is strongly irreducible. Suppose that P
is an idempotent operator commuting with 7'+ K. Set

P:{PO Q_Ol:| Hy
Qo P | M

It is easy to see that (T'3 + K3)Q10 = QloA._So (Ts + K3 — \)Q10 = Quo(A —_)\)
for A € Q. Since A € B1(1) and 0,(T3 + K3) = 0, Q10 = 0. Furthermore, P is
an idempotent operator commuting with T3 + K3. So P has the form

Pl P12 P13 Ml

P, P3oo-- Mz

?: P3 * Mg
P | Mo

It is clear that P; is an idempotent operator commuting with B; for each 1 < i <
+oo, and that Py is idempotent and commutes with A. Since all B; (j < 400)
and A are strongly irreducible, P; is equal to either zero or the unit operator on its
acting space for each 0 < j < +o00. Set

PO P01 P02 Hl

P Py o My

P: P2 * MQ
P | Mo

If PQ = 0, then APOl + D1P1 = P01B1~ Since D1 §é RanTA)Bl, Pl = 0. It follows
from P? = P that Py; = 0. Similarly, one can inductively prove that P; = 0 for
j < 400 and that P; ; = 0 for 7,5 < co. Thus
B 0 * ]| H{f ©Ms
Po] Mo
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It is clear that RanP N Ker(Ts + K3 — A)* = {0} for all X € UQ;. So P =0.
J

Hence P = 0. If Py is the unit operator acting on H;, then one can show that

P

(7]
(8]

(9]

= 1. So T + K is strongly irreducible.
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